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Recent progress in manipulating atomic and condensed matter systems has instigated a surge
of interest in non-equilibrium physics, including many-body dynamics of trapped ultracold atoms
and ions, near-field radiative heat transfer, and quantum friction. Under most circumstances the
complexity of such non-equilibrium systems requires a number of approximations to make theoretical
descriptions tractable. In particular, it is often assumed that spatially separated components of a
system thermalize with their immediate surroundings, although the global state of the system is
out of equilibrium. This powerful assumption reduces the complexity of non-equilibrium systems
to the local application of well-founded equilibrium concepts. While this technique appears to be
consistent for the description of some phenomena, we show that it fails for quantum friction by
underestimating by approximately 80% the magnitude of the drag force. Our results show that
the correlations among components of driven, but steady-state, quantum systems invalidate the
assumption of local thermal equilibrium, calling for a critical reexamination of this approach for
describing the physics of non-equilibrium systems.
In recent years the physics of non-equilibrium sys-
tems has attracted a lot of attention from different dis-
ciplines, such as stochastic thermodynamics and many-
body quantum dynamics [1–3]. In particular, there has
been a renewed interest in non-equilibrium dispersion
forces. Better known for equilibrium phenomena such
as the van der Waals/Casimir-Polder force [4] and the
Casimir effect [5], these interactions play an important
role in several fields of physics, including atomic [6] and
statistical physics [7, 8], gravitation [9] and cosmology
[10]. Non-equilibrium physics enters in the description of
these phenomena when, for example, temperature gradi-
ents or mechanical motion become relevant elements of
the system.
From the theoretical standpoint, one must often rely on
approximations in order to predict the non-equilibrium
physics of a specific system. One of the most ubiquitous
approaches relies on the local thermal equilibrium (LTE)
approximation, which consists in treating the individual
components of a system as if they were in local ther-
mal equilibrium with their immediate surroundings. The
main advantage of such a technique is that common equi-
librium tools, such as the fluctuation-dissipation theorem
(FDT) [11], can be applied locally, and then these local
results are combined to describe the non-equilibrium dy-
namics of the full system. The usual justification for
the LTE approximation is that the correlation length of
the fields that mediate the interactions is often rather
short (the dynamics in sufficiently well-separated loca-
tions are incoherent and can be treated as being inde-
pendent [12, 13]), and the sub-systems locally relax to
equilibrium on a fast time-scale. The LTE approximation
has been used in several non-equilibrium contexts, such
as near-field radiative heat transfer [12], Casimir forces
between bodies at different temperatures [14, 15], and
quantum friction [16–21]. In these previous cases, how-
ever, a quantitative assessment of the LTE approxima-
tion is missing. In this work, we show that this common
approach actually fails to provide reliable predictions for
quantum friction.
Let us consider an atom moving in vacuum with non-
relativistic velocity v at a distance za > 0 above and par-
allel to a flat surface placed at z = 0 (see Fig. 1). The
atom couples to the electromagnetic field via its dipole
moment dˆ(t). In previous work [22] it was shown that
the zero-temperature frictional force (quantum friction)
acting on the atom is given by
Ffric = −2
∫ ∞
0
dω
∫
d2k
(2pi)2
× kTr [S(k · v − ω;v) ·GI(k, za, ω)] . (1)
Here, S(ω;v) is the non-equilibrium velocity-dependent
dipole power spectrum tensor (related to the spectral dis-
tribution of energy in the dipole), and G(k, za, ω) is the
Fourier transform (in time and along the (x, y) plane) of
the Green tensor describing the electromagnetic response
of the surface. In the following the subscript I (R) means
that the imaginary (real) part has to be (component-
wise) considered.
The standard approach used in the literature to com-
pute the frictional force has been to resort to the LTE
approximation. It is assumed that the particle and the
surface surrounded by its electromagnetic field are lo-
cally at thermal equilibrium at T = 0 in their respective
rest frames, and that the fluctuation-dissipation theorem
separately applies to each subsystem [18–21]. In this case
one assumes that S(ω;v) is related to the imaginary part
ar
X
iv
:1
60
4.
06
40
5v
1 
 [q
ua
nt-
ph
]  
21
 A
pr
 20
16
2of the particle’s polarizability tensor α(ω;v) via the zero-
temperature FDT,
S(ω;v) ≈ ~
pi
θ(ω)αI(ω;v). (2)
(the function θ(ω) is the Heaviside function). Upon im-
plementing the LTE the resulting frictional force at low
velocities takes the form [22]
Ffric ≈ − 2~v
3
3(2pi)3
∫ ∞
−∞
dky
∫ ∞
0
dkx k
4
xTr
[
α′I(0) ·G′I(k, za, 0)
]
,
(3)
where the primes denote frequency derivatives and we
assumed that the motion is along the x-direction. A de-
tailed quantitative evaluation of equation (3) requires the
low-frequency behavior of the polarizability, which is of-
ten calculated within second-order perturbation theory
[23–26]. Although the use of the LTE approximation
can be justified within a second-order perturbative ap-
proach in the dipole strength for particles with large in-
trinsic dissipation [27], it becomes less rigorous for atoms
where dissipation is induced by the interaction with the
electromagnetic field. For systems where dissipation is
caused by radiative damping, quantum friction requires
a higher-than-second-order perturbative calculation, and
hence the local thermal equilibrium approximation fails
because the description of such systems necessarily en-
compasses the correlations between the atom and the
surface (see Fig. 1). This is the key insight of this paper.
In order to test the validity of the LTE approxima-
tion in quantum friction, we are going to compute the
dipole power spectrum S(ω;v), evaluate the resulting
drag force, and compare it to the LTE result. This
entails the computation of the non-equilibrium steady-
state (NESS) of the joint atom+field+matter system.
This difficult problem becomes manageable by modeling
the internal atomic dynamics as a harmonic oscillator
[28], for which it is possible to obtain an exact, non-
perturbative form for the dipole power spectrum thanks
to the quadratic nature of the full system Hamiltonian
[22]. We work in the Heisenberg picture to calculate the
dipole correlator in the steady state and derive the power
spectrum.
In the non-relativistic approximation the equation of
motion of a dipole moving along a prescribed trajectory
ra(t) and with a fixed direction d is given by
¨ˆ
d(t) + ω2adˆ(t) =
2ωa
~
dd · Eˆ(ra(t), t), (4)
where ωa is the oscillator’s frequency and Eˆ is the elec-
tric field. We assume that the oscillator has no intrinsic
dissipation - all dissipative dynamics arises from the cou-
pling to the electromagnetic field. The electric field at
the instantaneous position of the atom is given by
Eˆ(ra(t), t) = Eˆ0(ra(t), t) +
∫ t
ti
dt′
∫ ∞
−∞
dω e−iω(t−t
′)
∫
d2k
(2pi)2
G(k, za, ω)e
ik·(Ra(t)−Ra(t′)) · dˆ(t′), (5)
where Eˆ0 is the field that is generated by the quantum
fluctuating currents in the medium. In the stationary t→
∞ limit, we use that Ra(t) = Ra+vt and Ra(t′) = Ra+
vt′. Upon inserting (5) into the equation of motion for
the dipole, we obtain the stationary solution in Fourier
space as
dˆ(ω) =
∫
d2k
(2pi)2
α(ω;v) · Eˆ0(k, za, ω+k ·v)eik·Ra , (6)
where we have defined the velocity-dependent polariz-
ability
α(ω;v) =
2ωa
~
dd
ω2a −∆(ω;v)− ω2 − iωγ(ω;v)
. (7)
In this expression, γ is the radiative damping while ∆ is
related to a frequency shift [22, 29], and they are given
by
∆(ω;v) =
2ωa
~
∫
d2k
(2pi)2
d ·GR(k, za, ω + k · v) · d, (8a)
γ(ω;v) =
2ωa
~ω
∫
d2k
(2pi)2
d ·GI(k, za, ω + k · v) · d. (8b)
The dipole correlation function, derived from equa-
tion (6), defines the power spectrum 〈dˆ(ω)dˆ(ω′)〉 =
(2pi)2S(ω;v)δ(ω + ω′), where the average is taken over
the initial factorized state of the system, ρˆ(ti) =
ρˆa(ti)
⊗
ρˆf/m(ti). Here, ρˆa(ti) is the atom’s initial den-
sity matrix and ρˆf/m(ti) represents the state of the cou-
pled field plus matter subsystem. Both the atom and the
field+matter are assumed to be initially in their respec-
tive ground states. Because of equation (6), we can com-
pute the dipole-dipole correlation in terms of the field-
field correlator. Since Eˆ0 is the field generated solely by
the surface we can use the FDT. This gives
〈Eˆ0(k, za, ω)Eˆ0(k′, za, ω′)〉
= 2(2pi)3~θ(ω)G=(k, za, ω)δ(ω + ω′)δ(k+ k′) , (9)
where we have defined G=(k, z, ω) = [G(k, z, ω) −
G†(k, z, ω)]/(2i). By combining all the above equations
and using that α(−ω;v) = α∗(ω;v), we obtain
S(ω;v) =
~
pi
∫
d2k
(2pi)2
θ(ω + k · v)
× α(ω;v) ·GI(k, za, ω + k · v) · α∗(ω;v). (10)
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FIG. 1. Schematic representation of the difference between
the LTE approximation (a) and the full non-equilibrium de-
scription (b) for quantum friction. In the first case it is as-
sumed that the atom and the surface are separately in ther-
mal equilibrium with their immediate local environments.
This description applies the fluctuation-dissipation theorem
for each sub-system, to approximatively describe the full non-
equilibrium system. Correlations between the atom and sur-
face (pictorially represented by the black arrows in (b)) lead
to a failure of the LTE approximation, which underestimates
the magnitude of quantum friction by approximately 80% (see
the main text).
Since the matrix dd is a symmetric tensor, we replaced
d ·G=(k, za, ω) · d by d ·GI(k, za, ω) · d, where only the
symmetric part of GI contributes to the tensor product
[27]. By noting that the polarizability and the Green
tensor are related via
αI(ω;v) =
∫
d2k
(2pi)2
α(ω;v) ·GI(k, z, ω+k ·v) ·α∗(ω;v) ,
(11)
the dynamic power spectrum can be expressed as
S(ω;v) =
~
pi
θ(ω)αI(ω;v) +
~
pi
J(ω;v), (12)
where
J(ω;v) =
∫
d2k
(2pi)2
[θ(ω + k · v)− θ(ω)]
× α(ω;v) ·GI(k, za, ω + k · v) · α∗(ω;v). (13)
Equation (12) constitutes the generalized non-equilibrium
FDT for the moving harmonic oscillator. It shows that,
when the system is in a NESS, an extra term J is added to
the standard FDT, equation (2). The expression in (12)
is similar to classical non-equilibrium generalizations of
the FDT (see, for example, Refs.[30–34]), where the ad-
ditional term is related to entropy production. However,
these works often include assumptions (e.g. Markovian-
ity) which are incompatible with the description of quan-
tum friction [27].
Upon inserting equation (12) into (1), we obtain two
distinct contributions to the quantum frictional force,
Ffric = F
LTE
fric + F
J
fric, (14)
which respectively arise from the first and second terms
on the right hand side of (12). As we will show below,
the low-velocity expansion of FLTEfric corresponds to equa-
tion (3) [17, 21, 35], while FJfric is entirely due to the
non-equilibrium dynamics of our system. We now com-
pute the low-velocity expansion of the force in equation
(14). As before, we assume that the motion occurs along
the x-direction, so that Ffric = Ffric x (here x is the unit
vector along the x direction). The total Green tensor in
equation(1) can be decomposed as the sum of the vacuum
G0 and the scattered contribution g. Because of Lorentz
invariance, the vacuum contribution G0 does not con-
tribute to the frictional force [35–38]. For simplicity, we
consider the near-field limit for g, whose symmetric part
has an imaginary part given by [39]
g
I
(k, za;ω) =
rI(ω)
20
ke−2kza
(
k2x
k2
xx+
k2y
k2
yy + zz
)
,
(15)
where k = |k| =
√
k2x + k
2
y, 0 is the vacuum permit-
tivity, and r(ω) is the quasi-static approximation of the
transverse magnetic reflection coefficient for the planar
surface. Using the previous expression one can show that
that in the low-velocity limit the first term in the right
hand side of equation (14) gives (see Supplemental Ma-
terial)
F¯LTEfric ≈ −
90A¯LTE
pi3
~α20ρ2
v3
(2za)10
, (16)
where α0 = 2|d|2/(3~ωa) is the static isotropic atomic
polarizability, ρ is the material resistivity, and A¯LTE =
21/20 ≈ 1 is a geometrical factor coming from the av-
erage over all dipole orientations. The above expression
reduces to equation (3) when we use the polarizability
given in (7). For the non-equilibrium correction term in
(14), we obtain similarly (see Supplemental Material)
F¯ Jfric ≈ −
72A¯J
pi3
~α20ρ2
v3
(2za)10
, (17)
where A¯J = 87/80. Adding the low-velocity expansions
of F¯LTEfric and F¯
J
fric, the full quantum frictional force be-
comes
F¯fric ≈ −864
5pi3
~α20ρ2
v3
(2za)10
, (18)
which differs by almost a factor of two from the approxi-
mate LTE result in equation (16). This is the main result
of our paper and demonstrates that the non-equilibrium
contribution to the frictional force is certainly not negli-
gible.
4In Fig. 2 we depict the quantum frictional force equa-
tion (1) as a function of velocity. For simplicity the dipole
is oriented along a direction for which ALTE = AJ = 1
and moving above a metallic surface described by the
Drude model (ω) = 1 − ω2p[ω(ω + iΓ)]−1, where ωp is
the plasma frequency and Γ is the metal’s relaxation
rate (in this case the material resistivity is given by
ρ = Γ/(0ω
2
p)). For small velocities the friction is well de-
scribed by the asymptotic expression equation (18) (black
dotted line). In this region the integrals in equation (1)
are dominated by the low frequency behavior of S(ω;v)
and G(k, za, ω), resulting in the power-law dependency
on velocity and separation (see Supplemental Material).
The relative difference between the exact and LTE re-
sults is more than 80% in this region (see inset of Fig.
2). At high velocities (v/c & 10−3 for the parameters
in Fig. 2) a kink is visible at the crossing between the
previous asymptotic expressions and
F
(2)
fric ≈ −
~ω4spα0
pic4
Γ
160
×
√√√√√ ( ωaωsp)7
pi
(ωspza
c
)5 ( v
c
)3 (1 + 5v2zaωa
)
e−
2zaωa
v (19)
(black dashed curve in Fig. 2), where ωsp = ωp/
√
2 is
the surface plasmon frequency . Equation (19) is the
result of a second-order perturbative expansion of (1),
and can be explained by a resonant process involving the
atom-surface interaction [27]. As shown in the figure, the
expression in (19) describes well the behavior of the quan-
tum frictional force immediately after the kink. Since the
impact of radiative damping is negligible in this second-
order expansion, in the region right after the kink the
atom and the surface can be considered uncorrelated to
a good approximation, and the LTE description is suffi-
cient to characterize the quantum frictional process. This
is clearly seen in the sharp decrease of the relative differ-
ence between the exact and LTE results (see inset). A
further increase of the velocity leads again to a deviation
from the LTE approximation due to the strengthening of
the non-equilibrium-induced atom-surface correlations.
Due to its small value, an experimental detection of
quantum friction is challenging and designing setups that
increase the strength of the interaction is certainly desir-
able. Specifically, equation (18) can be rewritten as
F¯fric ≈ −216
5pi
~γ2(za)
v3
(2zaωa)4
, (20)
where γ(za) = α0ω
2
aρ/(4piz
3
a) is the leading-order (i.e.,
low-frequency and small-velocity) expansion of the func-
tion γ(ω;v) defined in equation (8b). This demonstrates
that, at low velocities, quantum friction is proportional to
the square of the induced decay rate. This feature sug-
gests possible pathways to increase the strength of the
quantum frictional force. For instance, material prop-
erties or geometric configurations, such as hyperbolic
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FIG. 2. Velocity dependence of the (normalized) quantum
friction of a harmonic oscillator that moves with velocity v
above a metallic surface described by the Drude model. The
dipole is oriented along the direction (1/
√
3, 1/
√
3, 1/
√
3).
The oscillator has a resonance frequency ωa/ωsp = 0.2 and
moves at a distance zaωsp/c = 10
−1 above and parallel to
the surface with dissipation rate Γ/ωsp = 0.1. At low ve-
locities the LTE approximation underestimates the frictional
force by approximately 80% (see inset). As the velocity in-
creases (v/c & 10−3 for the parameters above), the oscilla-
tor’s radiative damping becomes less relevant and the force
is accurately described by the asymptotic expression given
in equation (19) (dashed black line), which corresponds to
γ → 0. A further increase in the velocity enhances the
non-equilibrium contribution to the force and a deviation
from the LTE description occurs again (see inset). The nor-
malization is F0 = −3~ω5spα0/(2pi0c4). For a 87Rb atom
(α0 = 5.26× 10−39 Fm2 [40]) and a plasma frequency ωp = 9
eV, we have F0 = 0.31 fN.
nanostructures [41], which are known for producing large
Purcell factors, are potentially favorable for enhancing
the quantum frictional force.
In conclusion, we have shown that the local ther-
mal equilibrium approximation fails in quantum friction.
We demonstrated this point with an exact solution to
a model of a harmonic oscillator moving parallel to a
surface, in which the LTE approach underestimates the
quantum friction force by approximately 80%. Motion-
induced atom-surface correlations are ultimately respon-
sible to the breakdown of the local equilibrium assump-
tion. It is worth emphasizing that, despite its exten-
sive application and even if quite reasonable in most cir-
cumstances, the LTE approximation relies more on phe-
nomenological considerations than on quantitative esti-
mations. Our results in quantum friction call for a critical
assessment of the range of applicability of local thermal
equilibrium in other non-equilibrium dispersion interac-
tions. Such an analysis could potentially provide new in-
sights and unravel important features of these and other
non-equilibrium systems.
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1SUPPLEMENTAL MATERIAL
When the motion occurs along the x-axis, it is possi-
ble to carry out the integration over ky in equation (1)
analytically. We define
g(kxza, ω) ≡ 0z
2
a
3α0
∫ ∞
−∞
dky
2pi
Tr
[
2
dd
~ωa
· g(k, za;ω)
]
,
(S1)
where g(w,ω) = r(ω)w2K(w,ϕ, θ)/(6pi), r(ω) is the re-
flection coefficient, and
K(w,ϕ, θ) = A0(ϕ, θ)K0(2 |w|) +A2(ϕ, θ)K2(2 |w|).
(S2)
In these expressions θ and ϕ are respectively the
polar and azimuthal spherical angles describing the
dipole vector d, while Kn(x) is the modified Bessel
function of the second kind and order n. In addi-
tion, A0(ϕ, θ) = (3/2)
[
1 +
(
3 cos2(ϕ)− 2) sin2(θ)] and
A2(ϕ, θ) = (3/2)
[
1− cos2(ϕ) sin2(θ)]. It is convenient
to introduce the dimensionless variables V = v/c, Z =
zaωsp/c, ξ = ω/ωsp = νV/Z, and w = kxza, where ωsp
represents a characteristic frequency of the surface (e.g.,
the surface plasmon frequency in the case of a metallic
medium). We also define two other auxiliary functions,
Gθ
(
ξ,
V
Z
)
≡
∫ ∞
−∞
dw
2pi
θ
(
ξ + w
V
Z
)
g
(
w, ξ + w
V
Z
)
,
(S3)
and G (ξ, V/Z), where the latter differs from the former
only by the absence of the Heaviside theta function in the
integrand. Using these definitions, the complex atomic
polarizability in equation (7) can be rewritten as
α
(
ξ, Z,
V
Z
)
=
αsp
1−
(
ξ
ξa
)2
− αspZ3 G
(
ξ, VZ
) , (S4)
where ξa = ωa/ωsp and αsp = (3α0/0) (ωsp/c)
3
. These
expressions and the power spectrum given in equation
(10) allow us to recast the quantum frictional force as
Ffric
F0
= − 4
αsp
V
Z8
∫ ∞
0
dν
∫ ∞
−∞
dw
2pi
w
∣∣∣∣α([w − ν]VZ ,Z, VZ
)∣∣∣∣2 gI (w, ν VZ
)
GθI
(
[w − ν]V
Z
,
V
Z
)
. (S5)
where F0 = −3~ω5spα0/(2pi0c4).
We are now in a position to analyze the low-velocity
limit, which corresponds to V/Z  1. Assuming an
Ohmic surface, for small ξ we have r(ξ) ≈ r0 +iη ξ, where
r0 is the static reflection coefficient. The prefactor η is
related to the material resistivity ρ by η = 2ρ0ωsp (for a
metallic surface η = Γ/ωsp). The Heaviside function and
the modified Bessel functions in the integrand of equa-
tion (S5) limit the integration range of w and ν, and in
the limit V/Z  1, we can approximate
gI
(
w, ν
V
Z
)
≈ ν V
Z
η
6pi
w2K(w,ϕ, θ), (S6)
and
GθI
(
[w − ν]V
Z
,
V
Z
)
≈ θ(w − ν)V
Z
η
w − ν
24pi
A0(ϕ, θ)
+
V
Z
η
∫ ∞
|w−ν|
dw1
2pi
(w1 − |w − ν|)
6pi
w21K(w1, ϕ, θ). (S7)
Here, we have defined A0 = (A0 + 3A2)/4 (where A0
and A2 were already defined after equation (S2)) and,
for simplicity, have dropped the arguments. In the
same V/Z  1 limit, we approximate the polarizabil-
ity by its V = 0 value, i.e., α ([w − ν]V/Z,Z, V/Z) ≈
αsp
[
1− (αspr0A0)/(24piZ3)
]−1
. From these expressions
we can already conclude that for low velocities Ffric '
V 3/Z10.
The two terms on the right-hand side of equation
(S7) are related to the two contributions to the non-
equilibrium fluctuation-dissipation theorem, equation
(12). The first term gives the low-velocity behavior of
FLTEfric , and for a metallic surface it can be written as
FLTEfric
F0
≈ 45A
LTE
16
α0
8pi0z3a
Γ2
24piω2sp
(
c
ωspza
)7 (
v
c
)3∣∣∣1− α0r0A08pi0z3a ∣∣∣2 , (S8)
where we have definedALTE = (A0+3A2)(5A0+7A2)/48.
Upon neglecting the frequency shift in the denominator
of the polarizability and averaging over all dipole orien-
tations, we recover the expression given in equation (16).
The second term in (S7) gives the low-velocity expan-
sion of F Jfric. Its evaluation is more involved than the
previous one, and we will only sketch the main steps.
From the second term in (S7) we can write
F Jfric ≈ −4
~ωsp
λsp
V 3
Z10
∣∣∣∣∣ αsp1− αspA024piZ3
∣∣∣∣∣
2 ( η
6pi
)2
×
∫ ∞
−∞
dw
2pi
w3K(w,ϕ, θ)j(w,ϕ, θ) , (S9)
2where we have defined the function
j(w) =
∫ ∞
−∞
dνν
∫ ∞
|ν−w|
dw1
2pi
(w1 − |ν − w|)
2
w21K(w1, ϕ, θ)
=
3w
32
3A0(ϕ, θ) + 5A2(ϕ, θ)
8
. (S10)
Inserting this result back in (S9) and integrating
over w, we obtain an expression similar to equation
(S8) but where the prefactor 45ALTE(ϕ, θ)/16 is re-
placed by 9AJ(ϕ, θ)/4, with AJ(ϕ, θ) = [(3A0(ϕ, θ) +
5A2(ϕ, θ))/8]
2. Proceeding as for the previous expres-
sion we obtain equation (17).
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